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Abstract 

Let p and q be two positive integers. The goal of this note is to demonstrate, in a very simple and 
elementary way and without using advanced tools, a formula to express the value of the integral I(j>, q) = 
Jo sl "g ~ df when it converges. 

Introduction : 

Consider the sequence of polynomials (P n )n>o defined as follows : 

k=0 y ' 

Then Define, with the convention P_i = 0, the following sequence of functions (f n )n>i '■ 
Vn > 0, hn+x ■ R — » K,/ 2 „+i(i) = (-l) n (sint - P 2n -i{t)) 

hn+2 ■ R — » M,/ 2n+2 (t) = (-l)" +1 (cost - P 2n {t)) 

Our result concerning the evaluation of the integral I(p, q) is based upon the next proposition which 
summarizes some properties of the functions {f n )n>i- 

Proposition 1. The sequence of functions (f n )n>i satishes the following properties : 
1°. For every n E N* we have f' n+x = f n . 

2°. For every n £ W we have lim = 

t^o t n n\ 

f°° fn(t) 

3°. For every n£N* the improper integral J n = / — - — dt converges, and 

Jo t n 

J 1 7 1 

J n — 7 777 J\ 



(n-1)! (n-1)! 2 

4°. For every n > 2 the improper integral K n = / — dt converges, and for al/ A > we have : 

./i t™ 



X^oo J x t n (n - 1)1 X^oo J x t n 

5°. For every (to, g) E N 2 such that 1 < q < m we have 

1 m / 2to \ 

Vt E R, (slut) 2 ™ = — £ _ ) (-l) fe+ V 29 (2fct) (1) 
6°. For every (to, q) E N 2 such that < g < m we have 

Vt ER, (sint) 2 ^ 1 = ( 2 ™+M (-l)*+<7W(2fc+l)t) (2) 

k=0 ^ ' 



1 



Proof. 1°. The verification of the first property is direct. 
2°. The second property follows from 

co S t = P 2n (t)+ £ fejj-t 2 * ^d sint = P 2 „_ 1 (t) + ^^— 2-^ 

k=n+l ^ >' k=n ^ >' 

which is valid for all n £ N and all tgR. 

f°° s i n i 7T 

3°. It is well known that the integral J 1 — dt converges and that Ji = — . In the case n > 2 

Jo t 2 

we have ■ = O (^J^j an d this, with 2°, proves the convergence of the integral J n . Now, for n > 2 and 

X > we have 

t-x t f,\ r i4-\ i x i r x f 



f fn{t) at = fn{t) 1 i 1 / ^ dt 



Letting X — ► +oo we find that J n = — — - J n -i and this proves 3° by induction. 

n — 1 

4°. Considering two cases according to the parity of n we see immediately that : 

Vt > 0, ^±i^ = — i— • 1 - (3) 
t™ (n - 1)! t t™ w 



But, for n > 2, we have f n -i(t) — O (t max (™ 3 >°)) in the neighborhood of +oo, so that 



/n-lW I 



t™ 

1 \ Z" 00 / i(t) 

O ( — j, and this proves the convergence of K n = j — dt. Now, using (3), we conclude that 

^ -dt = +oo and that 



lim f 



t" 

" AX /„+i(t) In A f XX f n -i(t) 



XX 



f n+1 (t) _ In A _ r 

lim / 
lim / 



The convergence of if„ proves that lim / - - 1 — = so that 



' X /n+i(t) = In A 
v *" " («-!)! 



5°. Let us start with a well known standard calculation. Starting from Euler's formula : sin£ = 



2i 

and using the binomial theorem we can write : 

(sin ; )2m = H£ ^ ^ ( _ l)feeifete _ i(2m _, )t \ = MP ^ ^ ( _ l)fee2i(fe - m) A 

( _ 1)m A-i/ 2m x nra /2m\ , ^ /2m^ 



2 2r, 



^ (^) (-l) fe e 2i ( fe - m)t + ( 2 ™) + f] ( 2 ™) (_i)* e 2i(fc- m )t 



^ (e ( 2 r) (-i)*e»(*-™)* +( -ir ( 2 ™) + e ( 2 r) (-i) fe e - 2i(fe - m)t ^ 

1 / / 2m \ „ / 2m 
: 2~2" 



( 2 r)+2E(T)<- ir "» s(2<t -'"» t) / 



( " ) + 5 irf;( m *r») ( - i) ' c - (M,) 



2 2m 2 2 

fe=i 



Using that Vu e R, cosw = (—l) q .f2q(u) + P2 q -2(u), we can write 



1 m / 1m \ 

Vt 6 R, (sint) 2 ™ = Qljt) + ¥ ^ E ( TO _ fc j (-l) fc+, /2,(2fct) 



12m\ -. m 

with = W + 

fe=i 



2m 

m — fc 



(-l)*P 2g -2(2fct). 



Since, in a neighborhood of 0, we have, Vfc G {1, 2, . . . , to}, f 2q (2kt) = 0(t 2q ) and (sint) 2 " 1 = (9(i 2m ) = 
0(i 29 ) (this results from the assumption q < to), we conclude that the polynomial Q^ m , which is of degree 
at most 2q — 2, satisfies : Q„,gW = 0(t 2q ) in a neighborhood of 0. This proves clearly that Qm, q = 0) an d 
establishes (1). 

6°. In a similar way, starting from Euler's formula and using the binomial theorem we can write : 



(sin t) 



2m+l _ 



_iyn+i 



/2m+l 



r £ 



/2to+ 1 



22m+l_ 

\ fc=0 
22m+lj 1 Z-^ 



k=0 



/2m 4 



1)m +i ^ _ | 

fe=0 



22m+l 



-l) m+1 ^ 
22m+lJ I 2-~i 



fc 

2m + 1 
fc 



^_^k e ikt e -i(2m+l-k)t j 
(_l)fc e i(2(fc-m)-l)t^ 

2m+l / 

(-l) fe e i (2(fe-™)- 1 )« + ^ | 
fc=m+l ^ 
m / 

(_l)fc e i(2(fe-m)-l)< _ ^ / 
fc=0 ^ 



2to+ 1 
fc 



2to+ 1 
fc 



^_ 1 ^fe e i(2(fc-m)-l)t 
(_l)fc e i(2(m-fe)+l)< J 



-^^^2TO+^ ( _ i)fes . n((2(m _ fc) + iW 

1 m 

— T 

02m / j 



k=0 



2to+ 1 
to — k 



(-lfsin((2fc + l)i) 



Using that Vu G R, sin?i = {—l) q f 2q +\{u) + P 2q -i(u), we can write 



Vt 6R, (sint) 2 ^ 1 = Q^(t) + ^rf; ( 2 ^) (-l) fe+ V2 9+ i((2fc+l)t) 



with Q^( t )= £ 



fc=0 



2to + 1 

to — k 



(-i) k p 2q -im + i)t). 



Since, in a neighborhood of 0, we have, Vfc e {1, ... , to}, / 2g+ i((2fc + l)i) = 0(i 2 9 +1 ) and (sini) 2m+1 = 
0(i 2m+1 ) = 0(t 2<?+1 ) (this results from the assumption q < to), we conclude that the polynomial 
which is of degree at most 2q — 1, satisfies : Qln^ q {t) = 0{t 2q+1 ) in a neighborhood of 0. This proves that 
Qm, q = 0; an( i establishes (2). □ 

The main result : 



Proposition 2. Consider (q,m) e N. 

i-. m <, < „, ta f if* - j-b-d". ( 2 ™ _) 

-'- J t 2 <i 2 ^ \m-i:/ (2g-l 

2°. If < q < to tten f ^dt = -J^ V(-l)^ f 2 ™ + M << 
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T.If2< q <m tten f ^dt = ' V(-l)^ ( ^ \ ^Mk. 
~ H - J t 2 ^ 1 2 2 ™- 1 ^ ' \m-kj (2q-2)\ 

40. Ul< q <m tten f ^dt = J- f ^ + M ^ + ^ H 2k + 1). 

- y - y ^ 2 2 ™^ v y (2?-l)! v y 



Proof. 1°. Using formula (1) from Proposition 1.5°, we conclude that 

r^ 2m t 1 " / 2m \ h q {2kt) 

Jo & V^hi \m-kJJo 



1 


2 2m- 


-1 


1 




22m- 


-1 


1 




2 2m- 


-1 



t 2q 



dt 



fe=l 



Now, using Proposition 1.3°, we conclude that 

J t^ m -2^2J< L > [m-kj 



m-kj (2q-l)\ 



2°. Using formula (2) from Proposition 1.6°, we conclude that 

r°°sin 2 ™ +1 ^_ 1 jk, ^ k+q (2m + l\ f°° / 2g+ i((2fc + l)i) 

fc=0 



Jo t 2q+1 2 2m h j \m-k)J 



t 2q + 



dt 



k=0 v 7 ,yu 

-?:D-^(t + l > + 1 )** 

i — n V / 



29+1 

k=0 

Now, using Proposition 1.3°, we conclude that 

[°° sin 2m+1 t tt ™ /2m+l^(2fc + l) 2 * 

./:: 2 2 ™+l^; ( ij { 



m-k J (2q)\ 



3°. Using formula (1) from Proposition 1.5°, we conclude that, for X > we have : 
X sin 2m t 1 ^. _ + / 2m \ [ X f 2q (2kt), 



elf 



2feX 



^ t <-d- (,„ 2 :g ™~ r ^ + <*- r ^ 



with C 9 = ^IiD- 1 )^ ( TO _ jfe) ( 2fc ) 2 ^ 2 - But > for 2 < rj < m the integral | con- 
verges, so that using Proposition 1.4°, we conclude that we must have = 0, and consequently 



i t2 9 -i d * - 2 2m-i { m -kJ (2q-2)\ [nk 



4 



4°. Using formula (2) from Proposition 1.6°, we conclude that, for X > we have : 
Jo t 2 i 22m t^o \m-kJJ t 2 <? 

^|(-)-(r;)(--)-7r i,x ^» + ^/ x/! ' +,( " ) 

With = ^E^ 1 )^ fc) (2fc + 1)29_1 - BUt ' 1 - q ~ m intCgral l 



u 2q 

50 sin 2m+1 1 



du 



dt 



converges, so that using Proposition 1.4°, we conclude that we must have = 0, and consequently 

f 

Jo 



sm 



t 2 « 



And this achieves the proof. 



fc=0 



Numerical Values : 

In the following table we find the values of I(p, q) 
using Proposition 2.: 



sin p £ 



dt when this integral converges, calculated 







2 


3 


4 


5 


9=1 


7T 

2 




TT 

4 




3ir 
16 


2 




7T 

2 


fln3 


7T 

4 


i|ln3-Al n5 


3 






3?r 
8 


In 2 


5tt 
32 


4 










# In 5 - || In 3 

96 32 


5 










1157T 

384 



■5 



